Introduction
Improvement of the teaching process in all grades of the teaching system is the subject of many papers and studies (Kotnour, 1999; Pardede et al., 2012; Aizpun et al., 2015; Nikolic et al., 2015; Bogoya et al., 2013; Siddiqi et al., 2010; Mbarika et al., 2003; Macias 2012 ). In these works, different aspects of the teaching process are analyzed. The contribution of Kotnour (1999) is the description and evaluation of an organizational learning teaching process. In Pardede (2012) , the focus is on reviewing and aligning the assessment tasks to ensure an effective evaluation and the achievement of student learning outcomes. Aizpun et al. (2015) emphasize the importance of stimulating students' creativity and analyzes University-Industry collaboration as one of the possibilities to achieve this aim. But it is not only important to improve learning methods for students, attention Attribution 4.0 International (CC BY 4.0) Share -Adapt must be also paid to the training of teaching personnel, as is, for example, explained in Nikolic et al. (2015) .
The contribution of Bogoya et al. (2013) is in proposing a new mathematical model of higher education overall effectiveness. Authors in Siddiqi et al. (2010) describe how an automated short-answer marking system can be effectively used to improve teaching and learning processes. Results in Mbarika et al. (2003) suggest that when designing new learning environments, it is important for the female students to be challenged and have opportunities for group learning. In Macias (2012) , an e-portfolio is presented as an approach to improve the teaching/learning and evaluation processes in project-based learning environments.
For the process of education and high-quality knowledge adoption, the work of non-teaching staff, for example technicians, is very important, since they take part in the process of teaching preparation and realization. Some relatively simple jobs can be done by technicians, so it is not necessary that assistants are engaged on them. The assistants process the jobs if there are no free technicians, i.e. if all technicians are engaged on processing other jobs (Šuh et al., 2014) . The assistants' engagement on the jobs, which can be processed by technicians, is not desirable, but if this situation does not happen very often, it can be tolerated. The moments when assistants process jobs that can be processed by technicians are called undesirable states, and their probabilities are calculated in Šuh et al. (2014) . Situations when assistants still process the requests, although there are idle technicians (especially undesirable states), are separately analyzed (Šuh et al., 2014) . As the analysis in Šuh et al. (2014) is performed only analytically, results can be obtained for a relatively small number of professors, assistants and technicians. Their number is limited by the total number of system states, which increases rapidly (with geometric progression) when the number of professors, assistants, and technicians increases. Lebl et al. (2014) present the model for calculating financial expenses of processing requests by technicians and assistants. The expenses are calculated for several systems and they are compared to each other.
In this paper we present the simulation model of technicians' and assistants' engagement in the university teaching process. The mean number of engaged technicians and assistants on processing analyzed jobs is presented as the result of simulation. University teaching systems can be very large. It is very difficult, or even impossible, to analyze such great systems analytically. In that case, simulation analysis must be implemented. The goal in our research was to compare the results obtained analytically and the results obtained by our originally developed simulation method for a number of small systems. As the results obtained by these two methods agree for small systems, simulation methods can be implemented also for the greater systems (systems with greater number of professors, assistants and technicians).
Model, designations and abbreviations
Let us consider a model of teaching process, in which professors, assistants and technicians participate. The main assumptions of our model are:
• In an everyday realization of the teaching process in a faculty, some simpler requests are generated. These requests are originated from the professors' and assistants' activity.
• Technicians are enlisted in a faculty to process these requests.
• If there are a lot of requests (generated by professors and assistants), technicians are not able to process them all. In that case, some assistants take over processing part of the requests. Hence, they are not able to carry out their main tasks (meaning new requests are not generated by their activity), thus decreasing the rate of new requests being generated.
• If an assistant starts processing a request because there are no free technicians, he/she will continue processing the request until it is finished, even if some technician becomes available.
The technicians' and assistants' engagement in the teaching process can be presented using the queueing theory models. The systems from queueing theory are often analyzed in the literature. Kleinrock (1975) , Filipowitz et al. (2008) and Petrović, et al. (2008) are a small part of this literature.
Throughout the paper, the following designations and abbreviations are used:
• {i a , i t } -the current state of the system where i a are assistants and i t are technicians engaged in the processing of requests.
• k -number of professors who generate requests.
• m -number of assistants in the system.
• n -number of technicians in the system.
• λ -intensity of requests generation by each professor and assistant.
• μ a -intensity of requests processing by each assistant.
• μ t -intensity of requests processing by each technician.
The model from queueing theory, where technicians and assistants are processing the requests, is illustrated in Figure  1 . The pair of digits (p, q) (p = 0,1,…,m, q = 0,1,…,n) signify the number of assistants (the first digit) and the number of technicians (the second digit), who process the requests. Each pair of digits presents one system state. All possible transition intensities are presented between the states of the system.
The equations for the system presented in Figure 1 are constituted for each state of the system (Šuh et al., 2014) . For example, let us consider the state (1,2). The probability that this system can be found in state (1,2) in time moment t + Δt is:
Therefore, in stationary state, matrix Equation (3) can be expressed as:
As usual in queueing systems, the normalization condition, which must be fulfilled, is
includes probabilities of all possible states of the system.
After solving system of Equations (4), which enables us to obtain probability of system states, we can determine important parameters of the system, as are the ones defined in this paper. The number of unknown values (probabilities) in the system of equations is equal to the number of possible states of the system (Petrović et al., 2008) .
Generation of the events in the system simulation
The number of possible states of the system is often very great. So, when solving the system analytically, we obtain a system of equations with a large number of unknown values, which is not calculated easily. In such situations, the simulation models of the queueing systems are very important (Rodrigues et al., 1972) .
The main idea of simulation has its origin in the simulation of telephone systems (Olsson 1970 , Kosten 1970 . In the simulation process we start from the random number generator, which generates numbers with uniform distribution in the range 0 to 1. The random number (rnr) is multiplied by the normalization factor. The whole possible area of obtained random numbers is divided into three ranges, as presented in Figure 2a . The range 1 corresponds to the generation of new a request. The ranges 2 and 3 correspond to the completion of the processing, if a technician (range 2) or an assistant (range 3) are engaged in processing the request. Each one of the ranges 1, 2 and 3 has a constant size during the simulation, and it is divided in two parts. The function of these parts is as follows:
• If the random number is in the range 1a, the new request is generated.
• If the random number is in the range 1b, nothing happens.
• If the random number is in the range 2a t , the request, which is processed by the technician, is terminated.
• If the random number is in the range 3a a , the request, which is processed by the assistant, is terminated.
• If the random number is in the range 2b t or 3b a nothing happens. Figure 1 . The model of a university teaching process. (Šuh et al., 2014) If Δt→0, Equation (1) can be expressed as:
The equations of the type presented by (2) can be defined for each possible state of the system, giving as the final result the matrix expression:
where P(t) is the vector of state probabilities, and A is the matrix of transition intensities between the system states.
As usual, in stationary state (when t→∞), probabilities of all states (including state (1,2)) do not change over time, so it becomes
The size of the ranges 1a and 1b in Figure 2a depends on the simulation of the number of assistants, who are engaged in that moment with the processing of the requests (i a ), because the assistants, who are processing the requests, cannot generate the requests at the same time. Thus, the greater number of assistants engaged in the processing of requests, reduces the size of the range 1a, and enlarges the size of the range 1b (symbolically presented by the hatched area in Figure 2a ). The sizes of the ranges 2a t and 3a a are directly proportional to the number of technicians (i t ), i.e. assistants (i a ) who are processing the requests in that moment. The flowchart of the program for the simulation is presented in Figure 2b . In this figure only the method for the generation of the events in the simulation model is presented. The main parameters for the simulation: k, m, n, λ, μ a and μ t and initial values i a = 0 and i t = 0 are defined at the beginning of the program. The value of the counter (cnt) is an indication of how many events are generated. It is incremented after each simulation step and it is used to determine that generation of new events stops when cnt reaches its maximum value (max in Figure 2b ).
The generated rnr in each simulation step is multiplied by the factor λ · (k + m) + m · μ a + n · μ t . The program tests in which range the generated rnr is situated, and depending on this, the new request is generated for the technician (i t = i t + 1) or for the assistant (i a = i a + 1), or the termination of the processing of the request by a technician (i t = i t − 1) or an assistant (i a = i a − 1) is generated. Besides the condition that the generated rnr must be in the specific range, it is always necessary that the condition dealing with the number of engaged assistants and technicians must be fulfilled. For example, the new technician can be engaged in the processing of the request if the instantaneous number of engaged technicians is smaller than the total number of technicians at disposal (sign and i t < n in Figure  2b ). The new assistant would be engaged if all disposable technicians are engaged (and i t = n), and the instantaneous number of assistants engaged in the processing of requests is smaller than the total number of assistants (and i a < m). The conditions, which must be checked in the case of the request termination, are if there are engaged assistants (and i a > 0), or engaged technicians (and i t > 0) in the system. In all cases when the conditions for the generation of some event are not fulfilled, the execution of the program returns to the next simulation trial.
In each simulation trial at least 200000 random numbers were generated. All simulated cases were processed statistically by determination of mean values of variables and confidence interval of the obtained results.
The correctness of the simulation model is tested in such a way that its results are compared to the results obtained analytically for few, relatively simple cases. The probabilities of system states are compared at first. After that, important system parameters are determined based on analytical and simulation results. The analytical and simulation results for the probabilities of system states and for the mean number of active assistants and technicians are nearly completely equivalent.
Analysis of the obtained results
We wanted to give the answer to a few questions, using the simulation analysis. The first question was: is it better to divide all engaged technicians into smaller groups, thus providing that each group processes only the requests of a smaller group of professors and assistants; or to devote all technicians to all professors and assistants on the faculty? In order to give the answer to this question, we performed the simulation of the systems with k = 2, m = 4, n = 1, λ = 0.5 and with k = 8, m = 16, n = 4, λ = 0.5. Figure 3a , 3b, 3c, 3d, and Figure  4 present the mean values of variables obtained after four simulation trials. The elements presented as the result of simulation are the mean number of assistants and technicians (Figure 3, cases a and b) engaged in the processing of requests. The mean total number of engaged assistants and technicians for the analysis of the system with k = 2, m = 4, and n = 1 is obtained as the quadruple value read from the graphs in Figure 3 , case a. In all the cases the total value obtained for number of needed assistants for the system with k = 2, m = 4, n = 1 is greater than in the case with k = 8, m = 16, n = 4, while the situation is opposite for the mean number of technicians. For example, for μ t = 3 and μ a = 1, the mean number of assistants for the system with k = 2, m = 4, n = 1 is N ma = 4·1.08 = 4.32, and the mean number of technicians is N mt = 4·0.45 = 1.8. For the same values of μ t and μ a in the system with k = 8, m = 16, n = 4, the values are N ma = 2.8 and N mt = 2.6. Therefore, it is better to devote all available technicians to all professors and assistants, because in that case the mean number of engaged technicians is greater, and the mean number of engaged assistants is smaller than when all assistants and technicians are divided into smaller groups. The mean number of engaged assistants on processing the requests drops from 4.32 to 2.8, or 35 %. Let us consider now the situation where we introduce new technicians in the system with the same number of professors and assistants and the same intensity of generating the requests. The results of the simulation are presented in Figure 3 : cases c and d, whereby case c refers to the system where technicians are split into smaller groups (k = 2, m = 4, n = 2), and case d) to the system where all technicians process the demands of all professors and assistants (k = 8, m = 16, n = 8).
As in the previous analysis for n = 1, i.e. n = 4, the greater efficiency of the larger system can be proved in this case. For the same values μ t = 3 and μ a = 1 as in the previous case, the mean number of assistants engaged in the processing of requests for the system with k = 2, m = 4, n = 2, is N ma = 4·0.48 = 1.92; while the mean number of technicians is N mt = 4·0.76 = 3.04 (quadruple values read on Figure 3 , case c). In the system with k = 8, m = 16, n = 8 for the same values of μ t and μ a , the mean number of assistants is smaller, (N ma = 0.3), while the mean number of technicians is greater, (N mt = 3.8), according to Figure 3 , case d. In this case the mean number of total engaged assistants drops significantly when larger a system is implemented: from 1.92 to 0.3, or more than six times. The second important element is the comparison of the probabilities of unwanted states (puns) when the number of engaged technicians increases, while their intensity for processing the requests remains unchanged; and in the case when the existing technicians increase the intensity of processing the existing requests. Unwanted states are the situations when at least one assistant is engaged in processing the request, and the probability of an unwanted state is the sum of probabilities of all system states when at least one assistant is engaged in processing the requests. The comparison of these values can be made according to the graph in Figure 4 . The probabilities of unwanted states are presented for the system with n = 1 and n = 2, in both cases k = 2, m =4, λ = 0.5. According to the graph, for example, in the case when it is k = 2, m = 4, n = 1, μ a = 1, for μ t = 2, we obtain puns = 0.74. If the intensity of technicians' processing the requests increases two times (μ t = 4), the probability of unwanted states decreases on puns = 0.62. If instead of this, the value stays μ t = 2, and the number of technicians increases by 2, the probability of unwanted states decreases on puns = 0.49. So, the employment of new technicians has the greater influence on the decrease of puns than the increase of the technicians' intensity of processing the requests. The difference is significant: Δpuns = 0.74−0.62 = 0.12 when one technician is employed, while Δpuns = 0.74 − 0.49 = 0.25 when second technician is employed. The difference is significant and in this case the puns decrease when the second technician is em-ployed is more than twice the puns decrease when the intensity of technicians' processing the requests increases two times (puns decreases from 0.74 to 0.62, or Δpuns = 0.12 when pro-cessing intensity doubles, compared to the decrease from 0.74 to 0.49, or Δpuns = 0.25 when second technician is employed).
Conclusions
In this paper we presented the simulation model for the analysis of assistants' and technicians' engagement in the university teaching process. A specific feature of the system is that assistants have a dual role: they generate requests, but also process those requests, which can't be processed by technicians. The presented simulation model enables analysis of the complex systems behavior, when results cannot be obtained analytically. The model presented enables us to analyze the system in the cases when there are a lot of possible states of the system, when it is very difficult to obtain the results, which present the behavior of the system, using the mathematical analysis.
The main objective of the research presented in this paper, was the development of the simulation program for the analysis of assistants' and technicians' engagement in University teaching processes. This objective is fulfilled successfully, because the result of the developed simulation program for some simple systems agree with the results obtained analytically. The analysis of the results shows that it is desirable to devote all available technicians to all professors and assistants to process their requests. The total mean number of engaged assistants for the processing of the requests which cannot be processed by the technicians is smaller when all technicians can process the requests of all assistants and professors. At the same time, the mean number of engaged technicians is greater then (as technicians are utilized in a better way). This is illustrated in the paper by two numerical examples for small systems. These two systems differ in the number of employed technicians.
Besides this, in the simulation proved that better results in decreasing the probability of unwanted states (puns) is obtained by the employment of new technicians than by increasing the intensity of technicians' processing the requests. The difference between these two probabilities is illustrated by one numerical example for a small system. The results in this example are obtained both analytically and by simulation.
The simulation program proposed enables the analysis of significantly greater systems than the ones presented in this paper. Besides this, the program can be easily modified to analyze other similar queueing systems.
The results of this paper are especially important for the organization of auxiliary jobs in the faculty. It helps to decide how to distribute available technicians and whether to employ new technicians or to increase efficiency of technicians' engagement in the case of greater request volume.
The model in this paper supposes that an assistant who started processing requests, because there was no free technician, continues this action even when some technician finishes his instantaneous activity and becomes free. This is not the most suitable for the system. The more desirable arrangement is that a technician takes over request processing from the assistant as soon as he becomes free. The first future research direction is to implement such a processing scenario in the analysis.
